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About loglikelihood log p(x)

• VAE tries to get lower-bound approx of log p(x)

max
φ,ψ

(ELBO = log p(x)−DKL(qφ(z|x)‖p(z)))

• GAN tries to fool D, so not having a method to calculate log p(x)

min
ψ

[Ex∼Data log Dθ(x) + Ez∼p(z) log(1−Dθ(Gψ(z))]

= min
ψ

Ez∼p(z) log(1−Dθ(Gψ(z))]
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About latent representation z from data

• The goal of representation learning, for unsupervised learning and
any downstream task
◦ VAE get a structured approx. latent z from Encoder
◦ GAN does not have a learned one (→ implicit, likelihood-free)

• Many time we want exact p(x) and latent p(z|x)?
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Having exact likelihood and latent

z0

<latexit sha1_base64="n0Blh+q9Yg3sVTWqVP7LSeYn2Mw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8RGI2t</latexit>

z1

<latexit sha1_base64="08aWfnB/Q1YlIEoIgy5+lDohQcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8SnI2u</latexit>

z2

<latexit sha1_base64="XwgGRp/htBJ4wVSFhG8IRui2RZs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMwKMeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBFCCNrw==</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

zk

<latexit sha1_base64="8kNC3uyOJbByxfBPkf2jbXiHW+I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtqlu5uwOxFq6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoZaPEMN5kkYxMJ6CWS6F5EwVK3okNpyqQvB2MbzO//ciNFZF+wEnMfUWHWoSCUcykp/641C9X3Ko7B1klXk4qkKPRL3/1BhFLFNfIJLW267kx+lNqUDDJZ6VeYnlM2ZgOeTelmipu/en81hk5S5UBCSOTlkYyV39PTKmydqKCtFNRHNllLxP/87oJhlf+VOg4Qa7ZYlGYSIIRyR4nA2E4QzlJCWVGpLcSNqKGMkzjyULwll9eJa2LqlerXt/XKvWbPI4inMApnIMHl1CHO2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCf2I38</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

N(0, I)

<latexit sha1_base64="T96xQFmVtn9tKH2If/oTZLfuQLQ=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIFaTMSEHdFd3oRirYB7SlZNJMG5rJDElGqEO/xI0LRdz6Ke78GzPtLLT1QOBwzr3ck+NFnCntON9WbmV1bX0jv1nY2t7ZLdp7+00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteePr1G89UqlYKB70JKK9AA8F8xnB2kh9u9gNsB55fnJXdk5vT6Z9u+RUnBnQMnEzUoIM9b791R2EJA6o0IRjpTquE+legqVmhNNpoRsrGmEyxkPaMVTggKpeMgs+RcdGGSA/lOYJjWbq740EB0pNAs9MpjHVopeK/3mdWPsXvYSJKNZUkPkhP+ZIhyhtAQ2YpETziSGYSGayIjLCEhNtuiqYEtzFLy+T5lnFrVYu76ul2lVWRx4O4QjK4MI51OAG6tAAAjE8wyu8WU/Wi/VufcxHc1a2cwB/YH3+AHudklc=</latexit>

!

<latexit sha1_base64="KFOhmgXSkeLMl/zoRBJSCArIZ8A=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB+QhrLZbtqlm2zYnSil9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSmGW8yJZXuhNRwKRLeRIGSd1LNaRxK3g5HtzO//ci1ESp5wHHKg5gOEhEJRtFKfleLwRCp1uqpV664VXcOskq8nFQgR6NX/ur2FctiniCT1Bjfc1MMJlSjYJJPS93M8JSyER1w39KExtwEk/nJU3JmlT6JlLaVIJmrvycmNDZmHIe2M6Y4NMveTPzP8zOMroKJSNIMecIWi6JMElRk9j/pC80ZyrEllGlhbyVsSDVlaFMq2RC85ZdXSeui6tWq1/e1Sv0mj6MIJ3AK5+DBJdThDhrQBAYKnuEV3hx0Xpx352PRWnDymWP4A+fzB8abkZk=</latexit>

!

<latexit sha1_base64="KFOhmgXSkeLMl/zoRBJSCArIZ8A=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB+QhrLZbtqlm2zYnSil9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSmGW8yJZXuhNRwKRLeRIGSd1LNaRxK3g5HtzO//ci1ESp5wHHKg5gOEhEJRtFKfleLwRCp1uqpV664VXcOskq8nFQgR6NX/ur2FctiniCT1Bjfc1MMJlSjYJJPS93M8JSyER1w39KExtwEk/nJU3JmlT6JlLaVIJmrvycmNDZmHIe2M6Y4NMveTPzP8zOMroKJSNIMecIWi6JMElRk9j/pC80ZyrEllGlhbyVsSDVlaFMq2RC85ZdXSeui6tWq1/e1Sv0mj6MIJ3AK5+DBJdThDhrQBAYKnuEV3hx0Xpx352PRWnDymWP4A+fzB8abkZk=</latexit>

!

<latexit sha1_base64="KFOhmgXSkeLMl/zoRBJSCArIZ8A=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB+QhrLZbtqlm2zYnSil9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSmGW8yJZXuhNRwKRLeRIGSd1LNaRxK3g5HtzO//ci1ESp5wHHKg5gOEhEJRtFKfleLwRCp1uqpV664VXcOskq8nFQgR6NX/ur2FctiniCT1Bjfc1MMJlSjYJJPS93M8JSyER1w39KExtwEk/nJU3JmlT6JlLaVIJmrvycmNDZmHIe2M6Y4NMveTPzP8zOMroKJSNIMecIWi6JMElRk9j/pC80ZyrEllGlhbyVsSDVlaFMq2RC85ZdXSeui6tWq1/e1Sv0mj6MIJ3AK5+DBJdThDhrQBAYKnuEV3hx0Xpx352PRWnDymWP4A+fzB8abkZk=</latexit>

!

<latexit sha1_base64="KFOhmgXSkeLMl/zoRBJSCArIZ8A=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB+QhrLZbtqlm2zYnSil9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZVSmGW8yJZXuhNRwKRLeRIGSd1LNaRxK3g5HtzO//ci1ESp5wHHKg5gOEhEJRtFKfleLwRCp1uqpV664VXcOskq8nFQgR6NX/ur2FctiniCT1Bjfc1MMJlSjYJJPS93M8JSyER1w39KExtwEk/nJU3JmlT6JlLaVIJmrvycmNDZmHIe2M6Y4NMveTPzP8zOMroKJSNIMecIWi6JMElRk9j/pC80ZyrEllGlhbyVsSDVlaFMq2RC85ZdXSeui6tWq1/e1Sv0mj6MIJ3AK5+DBJdThDhrQBAYKnuEV3hx0Xpx352PRWnDymWP4A+fzB8abkZk=</latexit>

• Start from a simple distribution, e.g. N(0, I) and transform it to
data distribution1

• Usually, using a series of transformation (more later):
◦ Previously, we approx. transformation using NNs, e.g. forward by E

and backward by D
◦ Now how do we have exact calculation?

1This figure is for illustration purpose only. In practice, the notations are reversed!
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Simple case of 2 variables x, y

• X,Y ∈ R1 and Y = f(X) = 2X + 1⇔ X = f−1(Y ) = Y−1
2

• Step dx corresponds to dy so that (think about volumes):

pX(x) dx = pY (y) dy (prob. preservation) (1)

pX(x) =
∣∣∣∣dydx

∣∣∣∣ pY (y) =
∣∣∣∣df(x)
dx

∣∣∣∣ pY (f(x)) (prob. non-negative) (2)

pX(x) =
∣∣∣∣det

(
df

dx

)∣∣∣∣ pY (f(x)) (multivariate case) (3)

log pX(x) = log
∣∣∣∣det

(
df

dx

)∣∣∣∣+ log pY (f(x)) (4)
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General case: series of transformations

• log
∣∣∣det

(
df
dx

)∣∣∣ = log |detJ(f(x))| is the log determinant of Jacobian
• One transformation might not work, we usually need a series:

zk = fk ◦ . . . f2 ◦ f1(z0) (5)

log pZ(z0) = log
(

k∏
i1

∣∣∣∣det
(
dzi
dzi−1

)∣∣∣∣
)

+ log(pZ (f(zk)) (6)

=
k∑
i=1

log
(∣∣∣∣det

(
dzi
dzi−1

)∣∣∣∣)+ log(pZ (f(zk)) (7)
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General case: series of transformations

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z1

<latexit sha1_base64="08aWfnB/Q1YlIEoIgy5+lDohQcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8SnI2u</latexit>

z2

<latexit sha1_base64="XwgGRp/htBJ4wVSFhG8IRui2RZs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMwKMeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBFCCNrw==</latexit>

zk

<latexit sha1_base64="8kNC3uyOJbByxfBPkf2jbXiHW+I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtqlu5uwOxFq6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoZaPEMN5kkYxMJ6CWS6F5EwVK3okNpyqQvB2MbzO//ciNFZF+wEnMfUWHWoSCUcykp/641C9X3Ko7B1klXk4qkKPRL3/1BhFLFNfIJLW267kx+lNqUDDJZ6VeYnlM2ZgOeTelmipu/en81hk5S5UBCSOTlkYyV39PTKmydqKCtFNRHNllLxP/87oJhlf+VOg4Qa7ZYlGYSIIRyR4nA2E4QzlJCWVGpLcSNqKGMkzjyULwll9eJa2LqlerXt/XKvWbPI4inMApnIMHl1CHO2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCf2I38</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

f1

<latexit sha1_base64="riFTaWnqF1YSjipBDXUCQmKp9PY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QP0FY2a</latexit>

f2

<latexit sha1_base64="GsqaD/wZa9lCNSbBRiuI35inew4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7sN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/1mY2b</latexit>

fk

<latexit sha1_base64="f+OXz4jUBevvGy562Zw4D2X50E4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9gf98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdMDI3U</latexit>

f3

<latexit sha1_base64="lRtBOdktr3Xta70xmN/qfOSTy9I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK92H/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2/3HY2c</latexit>

• Set x = z0

log pX(x) =
k∑
i=1

log
(∣∣∣∣det

(
dzi
dzi−1

)∣∣∣∣)+ log(pZ (f(zk)) (8)

• To model x, we need to maximize RHS of Equation (8)
• Facilitate computation by choosing fi having triangular Jacobian
• We are free to choose pZ , if zk ∼ N(0, I) then it belongs to a

family called: normalizing flows
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Properties of flows

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

z1

<latexit sha1_base64="08aWfnB/Q1YlIEoIgy5+lDohQcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8SnI2u</latexit>

z2

<latexit sha1_base64="XwgGRp/htBJ4wVSFhG8IRui2RZs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMwKMeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBFCCNrw==</latexit>

zk

<latexit sha1_base64="8kNC3uyOJbByxfBPkf2jbXiHW+I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtqlu5uwOxFq6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoZaPEMN5kkYxMJ6CWS6F5EwVK3okNpyqQvB2MbzO//ciNFZF+wEnMfUWHWoSCUcykp/641C9X3Ko7B1klXk4qkKPRL3/1BhFLFNfIJLW267kx+lNqUDDJZ6VeYnlM2ZgOeTelmipu/en81hk5S5UBCSOTlkYyV39PTKmydqKCtFNRHNllLxP/87oJhlf+VOg4Qa7ZYlGYSIIRyR4nA2E4QzlJCWVGpLcSNqKGMkzjyULwll9eJa2LqlerXt/XKvWbPI4inMApnIMHl1CHO2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCf2I38</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

f1

<latexit sha1_base64="riFTaWnqF1YSjipBDXUCQmKp9PY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHsK+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QP0FY2a</latexit>

f2

<latexit sha1_base64="GsqaD/wZa9lCNSbBRiuI35inew4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7sN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/1mY2b</latexit>

fk

<latexit sha1_base64="f+OXz4jUBevvGy562Zw4D2X50E4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9gf98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdMDI3U</latexit>

f3

<latexit sha1_base64="lRtBOdktr3Xta70xmN/qfOSTy9I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK92H/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2/3HY2c</latexit>

• Constraints:
◦ each step is invertible and differentiable
◦ x and zi are of same dimensions D

• Inference z: do the forward transformation fi

◦ Challenge: To calculate Jacobian determinants efficiently!
• Generate x: do the backward transformation f−1

i

◦ Challenge: To build powerful invertible transformations!
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Residual Flows

• General form:

zi = zi−1 + fφi (zi−1) (9)

• Useful matrix determinant lemma2 with A ∈ RD×D and
V,W ∈ RM×D and M < D:

det(A + VWT ) = det
(
I + WTA−1V

)
det(A) (10)

2
https://en.wikipedia.org/wiki/Matrix_determinant_lemma
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Residual Flows: Planar4

• Formulation: single NN with 1 hidden unit

zi = zi−1 + vσ(wT zi−1 + b) (11)

• Jacobian determinant in O(D), using Eq. (10):

det (J(zi)) = det
(
I + σ′(wT zi−1 + b)vwT

)
(12)

= 1 +
[
σ′(wT zi−1 + b)wT

]
v (13)

• Extension version: Sylvester flows3 with many hidden units

3
https://arxiv.org/pdf/1803.05649.pdf

4
https://arxiv.org/pdf/1505.05770.pdf
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Residual Flows: Radial5

• Formulation with 2 scalars α > 0, β:

zi = zi−1 + β

α+ r(zi−1)(zi−1 − z0), r(zi) = ‖zi − z0‖2 (14)

• “Contraction” gradually with center z0

• Jacobian:

J(zi) =
(

1 + αβ

α+ r(zi−1)

)
I− β

r(zi−1)(α+ r(zi−1))2 ‖zi−1 − z0‖2

(15)

• Jacobian determinant in O(D), using Eq. (10):

det (J(zi)) =
(

1 + αβ

(α+ r(zi−1))2

)(
1 + β

α+ r(zi−1)

)D−1
(16)

5
https://ri.conicet.gov.ar/bitstream/handle/11336/8930/CONICET_Digital_Nro.12124.pdf
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Residual Flows: Results

• No analytical form for inverse so can hardly be used for generative
models
• But can be used for variational approximation
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Autoregressive Model

h0

<latexit sha1_base64="+y4XOTrFcfI2LpgGkw0MVt5rGDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf1nY2b</latexit>

h1

<latexit sha1_base64="TgFf0N45fXEG+ELjen6atwL+jJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf3IY2c</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

h2

<latexit sha1_base64="N2oP6VDAKnbk6HVhHIwG9TGKvoE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7kf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2rerVq1d39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/4pY2d</latexit>

hi

<latexit sha1_base64="A8zU9xSJsdBdW1X6q0zXbAaAfFg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jP++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMEI3U</latexit>

x0

<latexit sha1_base64="5dzf7JJGeiGVd1GKsHP2eWPfC2o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8ODI2r</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

xi

<latexit sha1_base64="S1ONQ+D/8X7qDZzZps7zMIscg6E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9kcI3k</latexit>

N(µ0,⌃0)

<latexit sha1_base64="gFgyzGNMgwuGuPScPO6Mie+xtLA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+cQO+ODjjyneOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBG3mXHw==</latexit>

N(µ1,⌃1)

<latexit sha1_base64="KUluxW9PQOFX2Vuu0aSUfEKRrCY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+eQO+ODjjy3eOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBHo+XIQ==</latexit>

N(µ2,⌃2)

<latexit sha1_base64="816XAqkyAPZ7jopuz1n1aDkxkuM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUpSCuqu6MaVVLQPaEKYTCft0JkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaMhaSuqGOnFgiDuM9L1x1eZ330gQtIovFeTmLgcDUMaUIyUljyz7HCkRn6Q3lQdnnj1U+jc0SFHXv1k6pkVq2bNAJeJnZMKyNHyzC9nEOGEk1BhhqTs21as3BQJRTEj05KTSBIjPEZD0tc0RJxIN509MYXHWhnAIBK6QgVn6u+JFHEpJ9zXndnJctHLxP+8fqKCczelYZwoEuL5oiBhUEUwSwQOqCBYsYkmCAuqb4V4hATCSudW0iHYiy8vk069ZjdqF7eNSvMyj6MIyuAIVIENzkATXIMWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/MD5/ACGllyM=</latexit>

N(µi,⌃i)

<latexit sha1_base64="A5KhYFzLGTYhvyY/aTqz8KKMgeg=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjiU9PoHdHBxz59Hji22Wn6kwBF4mbkzLI0fDtL68f4YQToTFDSnVdJ9a9FElNMSOTopcoEiM8QgPSNVQgTlQvnT4xgUdG6cMwkqaEhlP190SKuFJjHpjO7GQ172Xif1430eF5L6UiTjQReLYoTBjUEcwSgX0qCdZsbAjCkppbIR4iibA2uRVNCO78y4ukdVp1a9WL21q5fpnHUQAlcAgqwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8Ay1+XkQ==</latexit>

• General form:

p(xi) = p(x1)
i=2∏
k

p(xk|x<k) (17)

• Can be represented with a transformer T and conditioners Ci:6

xi = T (xi−1,hi), hi = Ci(x<i) (18)

6
http://www.jmlr.org/papers/volume17/16-272/16-272.pdf
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Autoregressive Flows: Invertibility

h0

<latexit sha1_base64="+y4XOTrFcfI2LpgGkw0MVt5rGDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf1nY2b</latexit>

h1

<latexit sha1_base64="TgFf0N45fXEG+ELjen6atwL+jJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf3IY2c</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

h2

<latexit sha1_base64="N2oP6VDAKnbk6HVhHIwG9TGKvoE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7kf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2rerVq1d39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/4pY2d</latexit>

hi

<latexit sha1_base64="A8zU9xSJsdBdW1X6q0zXbAaAfFg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jP++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMEI3U</latexit>

x0

<latexit sha1_base64="5dzf7JJGeiGVd1GKsHP2eWPfC2o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8ODI2r</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

xi

<latexit sha1_base64="S1ONQ+D/8X7qDZzZps7zMIscg6E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9kcI3k</latexit>

N(µ0,⌃0)

<latexit sha1_base64="gFgyzGNMgwuGuPScPO6Mie+xtLA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+cQO+ODjjyneOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBG3mXHw==</latexit>

N(µ1,⌃1)

<latexit sha1_base64="KUluxW9PQOFX2Vuu0aSUfEKRrCY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+eQO+ODjjy3eOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBHo+XIQ==</latexit>

N(µ2,⌃2)

<latexit sha1_base64="816XAqkyAPZ7jopuz1n1aDkxkuM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUpSCuqu6MaVVLQPaEKYTCft0JkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaMhaSuqGOnFgiDuM9L1x1eZ330gQtIovFeTmLgcDUMaUIyUljyz7HCkRn6Q3lQdnnj1U+jc0SFHXv1k6pkVq2bNAJeJnZMKyNHyzC9nEOGEk1BhhqTs21as3BQJRTEj05KTSBIjPEZD0tc0RJxIN509MYXHWhnAIBK6QgVn6u+JFHEpJ9zXndnJctHLxP+8fqKCczelYZwoEuL5oiBhUEUwSwQOqCBYsYkmCAuqb4V4hATCSudW0iHYiy8vk069ZjdqF7eNSvMyj6MIyuAIVIENzkATXIMWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/MD5/ACGllyM=</latexit>

N(µi,⌃i)

<latexit sha1_base64="A5KhYFzLGTYhvyY/aTqz8KKMgeg=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjiU9PoHdHBxz59Hji22Wn6kwBF4mbkzLI0fDtL68f4YQToTFDSnVdJ9a9FElNMSOTopcoEiM8QgPSNVQgTlQvnT4xgUdG6cMwkqaEhlP190SKuFJjHpjO7GQ172Xif1430eF5L6UiTjQReLYoTBjUEcwSgX0qCdZsbAjCkppbIR4iibA2uRVNCO78y4ukdVp1a9WL21q5fpnHUQAlcAgqwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8Ay1+XkQ==</latexit>

N(0, I)

<latexit sha1_base64="bgGfdl9HTqhf8cga2/Rsghb1orw=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGCuqu6EY3UsE+oC0lk2ba0ExmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+baWlldW19ZzG/nNre2dXbuw11BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7pK/eYDlYqF4l6PI9oN8EAwnxGsjdSzC50A66HnJ7cl5wTdTI5Rzy46ZWcKtEjcjBQhQ61nf3X6IYkDKjThWKm260S6m2CpGeF0ku/EikaYjPCAtg0VOKCqm0yjT9CRUfrID6V5QqOp+nsjwYFS48Azk2lQNe+l4n9eO9b+eTdhIoo1FWR2yI850iFKe0B9JinRfGwIJpKZrIgMscREm7bypgR3/suLpHFadivli7tKsXqZ1ZGDAziEErhwBlW4hhrUgcAjPMMrvFlP1ov1bn3MRpesbGcf/sD6/AEw5ZKr</latexit>

for all

<latexit sha1_base64="7npYJXv2v5kGBdRzskjMPbTCYYE=">AAAB9XicbVC7TsMwFHXKq5RXgZHFokJiqhJUCdgqWBiLRB9SGyrHdVqrjh3ZN0AV9T9YGECIlX9h429w2gzQcqajc+7VPfcEseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvM7/9wLThSt7BJGZ+RIaSh5wSsNJ9D9gTpKHSmAgx7ZcrbtWdAS8TLycVlKPRL3/1BoomEZNABTGm67kx+CnRwKlg01IvMSwmdEyGrGupJBEzfjpLPcUnVhng7HaoJOCZ+nsjJZExkyiwkxGBkVn0MvE/r5tAeOGnXMYJMEnnh8JEYFA4qwAPuGYUxMQSQjW3WTEdEU0o2KJKtgRv8eVl0jqrerXq5W2tUr/K6yiiI3SMTpGHzlEd3aAGaiKKNHpGr+jNeXRenHfnYz5acPKdQ/QHzucP5veSyw==</latexit>

z0

<latexit sha1_base64="n0Blh+q9Yg3sVTWqVP7LSeYn2Mw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8RGI2t</latexit>

z1

<latexit sha1_base64="08aWfnB/Q1YlIEoIgy5+lDohQcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8SnI2u</latexit>

z2

<latexit sha1_base64="XwgGRp/htBJ4wVSFhG8IRui2RZs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMwKMeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBFCCNrw==</latexit>

zi

<latexit sha1_base64="fyl7TGRQdghMtg9/oURHcS2JsCk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9nfI3m</latexit>

zk

<latexit sha1_base64="BUn8CbhTTdHfMQEdNjXmBBOEnnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90+9Ua9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz9qhI3o</latexit>

• Now the output is z instead of x (inference process):

zi = T (xi−1,hi), hi = Ci(x<i) (19)

• If T is invertible, then the sampling process happens as:

xi = T −1(zi,hi), hi = Ci(x<i) (20)
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Autoregressive Flows: Jacobian

h0

<latexit sha1_base64="+y4XOTrFcfI2LpgGkw0MVt5rGDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf1nY2b</latexit>

h1

<latexit sha1_base64="TgFf0N45fXEG+ELjen6atwL+jJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf3IY2c</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

h2

<latexit sha1_base64="N2oP6VDAKnbk6HVhHIwG9TGKvoE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7kf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2rerVq1d39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/4pY2d</latexit>

hi

<latexit sha1_base64="A8zU9xSJsdBdW1X6q0zXbAaAfFg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jP++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMEI3U</latexit>

x0

<latexit sha1_base64="5dzf7JJGeiGVd1GKsHP2eWPfC2o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8ODI2r</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

xi

<latexit sha1_base64="S1ONQ+D/8X7qDZzZps7zMIscg6E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9kcI3k</latexit>

N(µ0,⌃0)

<latexit sha1_base64="gFgyzGNMgwuGuPScPO6Mie+xtLA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+cQO+ODjjyneOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBG3mXHw==</latexit>

N(µ1,⌃1)

<latexit sha1_base64="KUluxW9PQOFX2Vuu0aSUfEKRrCY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+eQO+ODjjy3eOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBHo+XIQ==</latexit>

N(µ2,⌃2)

<latexit sha1_base64="816XAqkyAPZ7jopuz1n1aDkxkuM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUpSCuqu6MaVVLQPaEKYTCft0JkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaMhaSuqGOnFgiDuM9L1x1eZ330gQtIovFeTmLgcDUMaUIyUljyz7HCkRn6Q3lQdnnj1U+jc0SFHXv1k6pkVq2bNAJeJnZMKyNHyzC9nEOGEk1BhhqTs21as3BQJRTEj05KTSBIjPEZD0tc0RJxIN509MYXHWhnAIBK6QgVn6u+JFHEpJ9zXndnJctHLxP+8fqKCczelYZwoEuL5oiBhUEUwSwQOqCBYsYkmCAuqb4V4hATCSudW0iHYiy8vk069ZjdqF7eNSvMyj6MIyuAIVIENzkATXIMWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/MD5/ACGllyM=</latexit>

N(µi,⌃i)

<latexit sha1_base64="A5KhYFzLGTYhvyY/aTqz8KKMgeg=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjiU9PoHdHBxz59Hji22Wn6kwBF4mbkzLI0fDtL68f4YQToTFDSnVdJ9a9FElNMSOTopcoEiM8QgPSNVQgTlQvnT4xgUdG6cMwkqaEhlP190SKuFJjHpjO7GQ172Xif1430eF5L6UiTjQReLYoTBjUEcwSgX0qCdZsbAjCkppbIR4iibA2uRVNCO78y4ukdVp1a9WL21q5fpnHUQAlcAgqwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8Ay1+XkQ==</latexit>

N(0, I)

<latexit sha1_base64="bgGfdl9HTqhf8cga2/Rsghb1orw=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGCuqu6EY3UsE+oC0lk2ba0ExmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+baWlldW19ZzG/nNre2dXbuw11BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7pK/eYDlYqF4l6PI9oN8EAwnxGsjdSzC50A66HnJ7cl5wTdTI5Rzy46ZWcKtEjcjBQhQ61nf3X6IYkDKjThWKm260S6m2CpGeF0ku/EikaYjPCAtg0VOKCqm0yjT9CRUfrID6V5QqOp+nsjwYFS48Azk2lQNe+l4n9eO9b+eTdhIoo1FWR2yI850iFKe0B9JinRfGwIJpKZrIgMscREm7bypgR3/suLpHFadivli7tKsXqZ1ZGDAziEErhwBlW4hhrUgcAjPMMrvFlP1ov1bn3MRpesbGcf/sD6/AEw5ZKr</latexit>

for all

<latexit sha1_base64="7npYJXv2v5kGBdRzskjMPbTCYYE=">AAAB9XicbVC7TsMwFHXKq5RXgZHFokJiqhJUCdgqWBiLRB9SGyrHdVqrjh3ZN0AV9T9YGECIlX9h429w2gzQcqajc+7VPfcEseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvM7/9wLThSt7BJGZ+RIaSh5wSsNJ9D9gTpKHSmAgx7ZcrbtWdAS8TLycVlKPRL3/1BoomEZNABTGm67kx+CnRwKlg01IvMSwmdEyGrGupJBEzfjpLPcUnVhng7HaoJOCZ+nsjJZExkyiwkxGBkVn0MvE/r5tAeOGnXMYJMEnnh8JEYFA4qwAPuGYUxMQSQjW3WTEdEU0o2KJKtgRv8eVl0jqrerXq5W2tUr/K6yiiI3SMTpGHzlEd3aAGaiKKNHpGr+jNeXRenHfnYz5acPKdQ/QHzucP5veSyw==</latexit>

z0

<latexit sha1_base64="n0Blh+q9Yg3sVTWqVP7LSeYn2Mw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8RGI2t</latexit>

z1

<latexit sha1_base64="08aWfnB/Q1YlIEoIgy5+lDohQcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8SnI2u</latexit>

z2

<latexit sha1_base64="XwgGRp/htBJ4wVSFhG8IRui2RZs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMwKMeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBFCCNrw==</latexit>

zi

<latexit sha1_base64="fyl7TGRQdghMtg9/oURHcS2JsCk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9nfI3m</latexit>

zk

<latexit sha1_base64="BUn8CbhTTdHfMQEdNjXmBBOEnnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90+9Ua9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz9qhI3o</latexit>

• Jacobian is triangular because the components w.r.t z>i are zeros:

J(z) =


∂T
∂z1

(z1,h1) 0
. . .

nonzero(z) ∂T
∂zD

(zD,hD)

 (21)

• Log Jacobian determinant:

log |detJ(z)| = log

∣∣∣∣∣∣
D∏
j=1

∂T
∂zi

(zi,hi)

∣∣∣∣∣∣ =
D∑
j=1

∣∣∣∣∂T∂zi (zi,hi)
∣∣∣∣ (22)
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Autoregressive Flows: Conditioners Ci
• Can be a RNN such as LSTM, GRU but not popular7 8

• Masking (as in Transformer architecture): is easy to evalulate, popular, avoid
recurrent computation 9 10 11 12 13 14

• Coupling layers: divide h = [h1:d; hd+1:D] = [const,NN(z≤d)]
◦ Also splits z = [z1:d; zd+1:D] = [x1:d; xd+1:D � s(x1:d) + t(x1:d)]
◦ Requires permutation of dimensions in z but is efficient 15 16 17 18 19

7
https://arxiv.org/pdf/1606.04934.pdf

8
https://arxiv.org/pdf/1801.09819.pdf

9
https://arxiv.org/pdf/1606.04934.pdf

10
https://arxiv.org/pdf/1705.07057.pdf

11
https://arxiv.org/pdf/1804.00779.pdf

12
http://auai.org/uai2019/proceedings/papers/511.pdf

13
https://arxiv.org/pdf/1907.07945.pdf

14
https://arxiv.org/pdf/1902.04208.pdf

15
https://arxiv.org/pdf/1605.08803.pdf

16
https://arxiv.org/pdf/1807.03039.pdf

17
https://arxiv.org/pdf/1811.00002.pdf

18
https://arxiv.org/pdf/1811.02155.pdf

19
https://arxiv.org/pdf/1902.00275.pdf
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Autoregressive Flows: Some Models20

• Note: this is however not an exhaustive list.
20

https://arxiv.org/pdf/1905.02325.pdf
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Autoregressive Affine Transformation

h0

<latexit sha1_base64="+y4XOTrFcfI2LpgGkw0MVt5rGDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf1nY2b</latexit>

h1

<latexit sha1_base64="TgFf0N45fXEG+ELjen6atwL+jJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf3IY2c</latexit>

. . .

<latexit sha1_base64="q7EfiRQmLuH5FrqJ7RX0vW0P0sI=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrYTGZI7gil9B/cuFDErf/jzr8x085CWw8EDufcQ+49QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY32Z++4lrI2L1gJOE+xEdKhEKRtFKrd4gRlPqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfpTqlEwyWelXmp4QtmYDnnXUkUjbvzpfNsZObPKgISxtk8hmau/E1MaGTOJAjsZURyZZS8T//O6KYZX/lSoJEWu2OKjMJUEY5KdTgZCc4ZyYgllWthdCRtRTRnagrISvOWTV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQGj/AMr/DmxM6L8+58LEYLTp45hj9wPn8AK4GO4g==</latexit>

h2

<latexit sha1_base64="N2oP6VDAKnbk6HVhHIwG9TGKvoE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7kf9Wr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE176GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2rerVq1d39UrjOo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz/4pY2d</latexit>

hi

<latexit sha1_base64="A8zU9xSJsdBdW1X6q0zXbAaAfFg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw6jP++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMEI3U</latexit>

x0

<latexit sha1_base64="5dzf7JJGeiGVd1GKsHP2eWPfC2o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8ODI2r</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

xi

<latexit sha1_base64="S1ONQ+D/8X7qDZzZps7zMIscg6E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9kcI3k</latexit>

N(µ0,⌃0)

<latexit sha1_base64="gFgyzGNMgwuGuPScPO6Mie+xtLA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+cQO+ODjjyneOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBG3mXHw==</latexit>

N(µ1,⌃1)

<latexit sha1_base64="KUluxW9PQOFX2Vuu0aSUfEKRrCY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjie+eQO+ODjjy3eOJb5edqjMFXCRuTsogR8O3v7x+hBNOhMYMKdV1nVj3UiQ1xYxMil6iSIzwCA1I11CBOFG9dPrEBB4ZpQ/DSJoSGk7V3xMp4kqNeWA6s5PVvJeJ/3ndRIfnvZSKONFE4NmiMGFQRzBLBPapJFizsSEIS2puhXiIJMLa5FY0IbjzLy+S1mnVrVUvbmvl+mUeRwGUwCGoABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBHo+XIQ==</latexit>

N(µ2,⌃2)

<latexit sha1_base64="816XAqkyAPZ7jopuz1n1aDkxkuM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUpSCuqu6MaVVLQPaEKYTCft0JkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9HwkCaMhaSuqGOnFgiDuM9L1x1eZ330gQtIovFeTmLgcDUMaUIyUljyz7HCkRn6Q3lQdnnj1U+jc0SFHXv1k6pkVq2bNAJeJnZMKyNHyzC9nEOGEk1BhhqTs21as3BQJRTEj05KTSBIjPEZD0tc0RJxIN509MYXHWhnAIBK6QgVn6u+JFHEpJ9zXndnJctHLxP+8fqKCczelYZwoEuL5oiBhUEUwSwQOqCBYsYkmCAuqb4V4hATCSudW0iHYiy8vk069ZjdqF7eNSvMyj6MIyuAIVIENzkATXIMWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/MD5/ACGllyM=</latexit>

N(µi,⌃i)

<latexit sha1_base64="A5KhYFzLGTYhvyY/aTqz8KKMgeg=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqSEmkoO6KblxJRfuApoTJdNIOnZmEmYlQQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Crz2w9EKhqJez2OSY+jgaAhxUgbybdLHkd6GITpTcXjiU9PoHdHBxz59Hji22Wn6kwBF4mbkzLI0fDtL68f4YQToTFDSnVdJ9a9FElNMSOTopcoEiM8QgPSNVQgTlQvnT4xgUdG6cMwkqaEhlP190SKuFJjHpjO7GQ172Xif1430eF5L6UiTjQReLYoTBjUEcwSgX0qCdZsbAjCkppbIR4iibA2uRVNCO78y4ukdVp1a9WL21q5fpnHUQAlcAgqwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8Ay1+XkQ==</latexit>

N(0, I)

<latexit sha1_base64="bgGfdl9HTqhf8cga2/Rsghb1orw=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGCuqu6EY3UsE+oC0lk2ba0ExmSDJKGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+baWlldW19ZzG/nNre2dXbuw11BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7pK/eYDlYqF4l6PI9oN8EAwnxGsjdSzC50A66HnJ7cl5wTdTI5Rzy46ZWcKtEjcjBQhQ61nf3X6IYkDKjThWKm260S6m2CpGeF0ku/EikaYjPCAtg0VOKCqm0yjT9CRUfrID6V5QqOp+nsjwYFS48Azk2lQNe+l4n9eO9b+eTdhIoo1FWR2yI850iFKe0B9JinRfGwIJpKZrIgMscREm7bypgR3/suLpHFadivli7tKsXqZ1ZGDAziEErhwBlW4hhrUgcAjPMMrvFlP1ov1bn3MRpesbGcf/sD6/AEw5ZKr</latexit>

for all

<latexit sha1_base64="7npYJXv2v5kGBdRzskjMPbTCYYE=">AAAB9XicbVC7TsMwFHXKq5RXgZHFokJiqhJUCdgqWBiLRB9SGyrHdVqrjh3ZN0AV9T9YGECIlX9h429w2gzQcqajc+7VPfcEseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvM7/9wLThSt7BJGZ+RIaSh5wSsNJ9D9gTpKHSmAgx7ZcrbtWdAS8TLycVlKPRL3/1BoomEZNABTGm67kx+CnRwKlg01IvMSwmdEyGrGupJBEzfjpLPcUnVhng7HaoJOCZ+nsjJZExkyiwkxGBkVn0MvE/r5tAeOGnXMYJMEnnh8JEYFA4qwAPuGYUxMQSQjW3WTEdEU0o2KJKtgRv8eVl0jqrerXq5W2tUr/K6yiiI3SMTpGHzlEd3aAGaiKKNHpGr+jNeXRenHfnYz5acPKdQ/QHzucP5veSyw==</latexit>

z0

<latexit sha1_base64="n0Blh+q9Yg3sVTWqVP7LSeYn2Mw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8RGI2t</latexit>

z1

<latexit sha1_base64="08aWfnB/Q1YlIEoIgy5+lDohQcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8SnI2u</latexit>

z2

<latexit sha1_base64="XwgGRp/htBJ4wVSFhG8IRui2RZs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMwKMeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBFCCNrw==</latexit>

zi

<latexit sha1_base64="fyl7TGRQdghMtg9/oURHcS2JsCk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsJ+3SzSbsboQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJYPZpygH9GB5CFn1Fjp/qnHe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eruvFK7zuMowhEcwyl4cAE1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w9nfI3m</latexit>

zk

<latexit sha1_base64="BUn8CbhTTdHfMQEdNjXmBBOEnnA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsToQa+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK90+9Ua9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz9qhI3o</latexit>

• Transformation T becomes:

zi = T (xi,hi) = exp(αi) + βi, hi = {exp(αi), βi} (23)

• Exponential operation ensures invertibility
• Log Jacobian determinant:

log |detJ(z)| =
D∑
i=1

log | exp(αi)| =
D∑
i=1

αi (24)
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Real Non-volume Preserving (NVP)21

• Coupling layer: z = [z1:d, zd1:D]
• First part is only an identity transformation:

x1:d = z1:d (25)

xd+1:D = zd+1:D � exp(s(z1:d)) + t(z1:d) (26)

• s, t : Rd 7→ RD−d are for scale and transform
• Recall: Jacobian is triangular:

J(z) =

 Id 0
∂xd+1:D
z1:d

∂xd+1:D
zd+1:D

 (27)

21
https://arxiv.org/pdf/1605.08803.pdf
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Real-NVP: Invertibility

• Easily attainable via:

z1:d = x1:d (28)

zd+1:D = (xd+1:D − t(z1:d))� exp(−s(z1:d))

= (xd+1:D − t(x1:d))� exp(−s(x1:d)) (29)

LTI/SCS 11-695: AI Engineering Normalizing FlowsSpring 2020 24 / 37
Image credit: Dinh et al. 2017



Real-NVP: Results
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Glow22: Architecture

• Extends from Real-NVP with additive coupling layers
• Add 1x1 convolution and arcnorm operations

22
https://arxiv.org/pdf/1807.03039.pdf
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Glow: Results
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Glow: Interpolation
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Non-Affine Transformations31

• Neural Transformations: conic combination + composition
◦ Neural autoregressive flow (NAF)23

◦ Block-NAF (B-NAF)24

◦ Flow++25

• Integration-based Transformations
◦ Unconstrained monotonic neural networks.26

◦ Sum-of-squares polynomial flow27

• Neural spline flows: have analytic inverse
◦ Neural importance sampling.28

◦ Cubic-spline flows29

◦ Neural spline flows30
23

https://arxiv.org/pdf/1804.00779.pdf
24

https://arxiv.org/pdf/1904.04676.pdf
25

https://arxiv.org/pdf/1902.00275.pdf
26

https://arxiv.org/pdf/1908.05164.pdf
27

https://arxiv.org/pdf/1905.02325.pdf
28

https://arxiv.org/pdf/1808.03856.pdf
29

https://arxiv.org/pdf/1906.02145.pdf
30

https://arxiv.org/pdf/1906.04032.pdf
31

https://arxiv.org/pdf/1912.02762.pdf
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5 Discrete Flows

6 Big Picture
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Discrete Flows: Variables

• Recall: we need invertible mapping, so we choose bijective
• A bijective map f , variable X, prior Z:

pX(x) = pZ(z), z = f(x) (30)

• No Jacobian term involved! An advantage, as well as a restriction.
• Intuitively, pX(x) does not change, but rather permute pZ(z), and

so we need to model pZ(.) carefully.
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Integer Discrete Flows (IDF)32

• Follows autoregressive model with coupling
layers (T : Z→ Z):

T (zi,hi) = zi + round(hi) (31)

hi = Ci(z<i) (32)

32
https://arxiv.org/pdf/1905.07376.pdf
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IDF: Results

• Good results in compression and generation.
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Bipartie Discrete Flows33

• Similarly to IDF, this follows autoregressive model with coupling
layers (T : X → X := {0, . . . ,K − 1}), notation from Eq. (23):

T (zi,hi) = zi + (αizi + βi) mod K (33)

hi = {αi, βi} = Ci(z<i) (34)

• Bipatie: just renamed from the coupling operations from
Real-NVP (See Equations (25) and (26)).

33
https://arxiv.org/pdf/1905.10347.pdf
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Bipartie Discrete Flows: Results
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Unsupervised Learning Landscape

Data Distribution
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Explicit Density
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Implicit Density
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Tractable Density
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Appx Density
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Direct Estimation
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Sampling
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Markov Chain
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Markov Chain
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

GAN
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Variational
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

VAE
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Auto-<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Regressive
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Flows
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Others
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Note: this is not an exhaustive diagram
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